Free Vibration Analysis of Rotating Beams Based on the Modified Couple Stress Theory and Coupled Displacement Field by Babaei, Alireza & Arabghahestani, Masoud
University of Kentucky 
UKnowledge 
Mechanical Engineering Graduate Research Mechanical Engineering 
4-16-2021 
Free Vibration Analysis of Rotating Beams Based on the Modified 
Couple Stress Theory and Coupled Displacement Field 
Alireza Babaei 
University of Kentucky, Alireza.babaei@uky.edu 
Masoud Arabghahestani 
University of Kentucky, Masoud.Arabghahestani@uky.edu 
Follow this and additional works at: https://uknowledge.uky.edu/me_gradpub 
 Part of the Applied Mechanics Commons 
Right click to open a feedback form in a new tab to let us know how this document benefits you. 
Repository Citation 
Babaei, Alireza and Arabghahestani, Masoud, "Free Vibration Analysis of Rotating Beams Based on the 
Modified Couple Stress Theory and Coupled Displacement Field" (2021). Mechanical Engineering 
Graduate Research. 2. 
https://uknowledge.uky.edu/me_gradpub/2 
This Article is brought to you for free and open access by the Mechanical Engineering at UKnowledge. It has been 
accepted for inclusion in Mechanical Engineering Graduate Research by an authorized administrator of 
UKnowledge. For more information, please contact UKnowledge@lsv.uky.edu. 
Free Vibration Analysis of Rotating Beams Based on the Modified Couple Stress 
Theory and Coupled Displacement Field 
Digital Object Identifier (DOI) 
https://doi.org/10.3390/applmech2020014 
Notes/Citation Information 
Published in Applied Mechanics v. 2, issue 2. 
© 2021 by the authors. Licensee MDPI, Basel, Switzerland. 
This article is an open access article distributed under the terms and conditions of the Creative 
Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/). 
This article is available at UKnowledge: https://uknowledge.uky.edu/me_gradpub/2 
Article
Free Vibration Analysis of Rotating Beams Based on the
Modified Couple Stress Theory and Coupled
Displacement Field
Alireza Babaei 1 and Masoud Arabghahestani 2,*


Citation: Babaei, A.; Arabghahestani,
M. Free Vibration Analysis of
Rotating Beams Based on the
Modified Couple Stress Theory and
Coupled Displacement Field. Appl.
Mech. 2021, 2, 226–238. https://
doi.org/10.3390/applmech2020014
Received: 6 March 2021
Accepted: 13 April 2021
Published: 16 April 2021
Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-
iations.
Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses/by/
4.0/).
1 Mechanical Engineering Department, University of Kentucky, Lexington, KY 40506, USA;
Alireza.babaei@uky.edu
2 Institute of Research for Technology Development (IR4TD), University of Kentucky,
Lexington, KY 40506, USA
* Correspondence: Masoud.arabghahestani@uky.edu
Abstract: In this paper, transverse vibration analysis of rotating micro-beam is investigated based
on the modified couple stress theory. The simply-supported micro-beam is modeled utilizing Euler-
Bernoulli and Timoshenko beam theories. The system is rotating around a fixed axis perpendicular to
the axial direction of the beam. For the first time, displacement filed is introduced as a coupled field
to the translational field. In other words, the mentioned rotational displacement field is expressed as
a proportional function of translational displacement field using first (axial), second (lateral), and
third (angular or rotational) velocity factors. Utilizing Hamilton’s approach as a variational method,
dynamic-vibration equations of motion of the proposed model are derived. Galerkin’s method is
adopted to solve the equation corresponding to the Euler–Bernoulli and Timoshenko beams. For
the case considering shear deformation effects, Navier method is chosen. For evaluation of current
results and models, they are compared with those available at the benchmark. In this paper; effects
of slenderness ratio, axial, lateral, and angular velocity factors, and rotations of the beam on the
frequency are reported. Based on the results presented, mentioned factors should be counted in the
analysis and design of such rotating micro-systems.
Keywords: rotating micro-beam; modified couple stress theory; dimensionless frequency; first speed
factor; second speed factor; third factor; Euler-Bernoulli beam; Timoshenko beam
1. Introduction
Through the past decade, micro-electro-mechanical-system (MEMS) technology has
been attractive to a significant number of researchers from Mechanical, Electrical, Chemical,
and Biomedical engineering. The mentioned technology refers to the miniaturized mechan-
ical and electrical elements manufactured by micro-fabrication techniques. Most significant
applications of MEMS technology include micro-sensors, microscale safety devices, micro-
actuators, micro-resonators, energy harvesting, optical metamaterial applications, and
atomic force microscopes [1–12].
To present the industrial community with perfect prototypes, static and dynamic
analysis should be applied on ideal models. It proves that for such small-scaled devices,
classical mechanics does not end into accurate results. However; using non-classical
theories, size-dependency phenomena are captured, and more accurate results and analysis
is achievable [13]. One the most useable theories is the modified couple stress theory
(MCST). In this theory, a single material length scale parameter captures the relation
between symmetric part of the rotational gradient and the couple stress tensor which leads
to size-dependency of the theory. Besides to equilibrium equations of forces and moments,
an additional equilibrium equation of moments of couples is considered in MCST. MCST is
also highly popular among researchers since it has only one length scale parameter [14].
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Based on the mentioned non-classical theory, several researchers have studied static
and dynamic analysis of micro and nano-scaled systems. Vibration analysis of a thermally-
stressed Timoshenko beam is studied by Ghadiri and Shafiei [15]. The proposed micro-
beam model is under load which is resulted by rotation effects of the beam. Results of
this study disclose the impact of material gradation and variations, boundary conditions,
angular velocity and thermal stress over oscillatory analysis of the mentioned systems. The
flutter mechanism of Timoshenko beams in supersonic flows is studied by Qian et al. [16],
where they derived the PDE equation system for the mentioned fluctuations by analyzing
the finite section of the beam. Vibration analysis of small-scaled shells according to the
first order shear deformation model of shells is announced by Beni et al. [17]. They have
shown the importance of size-dependency through analysis. Thai et al. [18] investigated
the static, bending, and vibration analysis of a Timoshenko-beam. They have highlighted
the increment of natural frequency and stiffness with small-scaled systems in comparison
to macro-systems. Bending and vibration analysis of a micro-beam considering position
of the neutral axis is carried out by Al-Basyouni et al. [19]. They suggested a variable
material length scale parameter. Akbas et al. [20] reported the impact of edge cracks via
mutations in vibrational behavior. They proposed a cracked model accounting material
gradation. The impacts of crack depth and material distribution and beam length; over
resonant and natural frequencies are discussed. Yin et al. [21] presented a new a new isoge-
ometric Timoshenko beam model using modified couple stress theory and surface elasticity
theory incorporating microstructures and the energy cells. They concluded that both the
microstructure and the surface energy effects need to be considered for a thin beam at the
same time and explained the size-dependent behavior of such beams. Nateghi and Salamat-
talab [22] studied buckling and vibration analysis of micro-beams under thermal stresses
according to the first-order shearing effects theory. Authors adopted differential quadra-
ture method (DQM) to state the importance of material length scale parameter, thermal
stress and temperature fluctuations, and poison’s ratio over static and dynamic behavior of
electro-mechanical systems. Ke et al. [23] conducted a research studying the buckling and
vibration analysis of small-sized Timoshenko-beam and accounting the shearing effects.
In this study, the Mori-Tanaka distribution profile is utilized for material distributions.
Babaei and Ahmadi [24] studied the dynamic responses of a beam-shape MEMS element
having non-homogenous material properties. Yilmaz and Orhan [25] presented an analyt-
ical study to predict deflection and stiffness of rectangular notch micro cantilever beam.
Babaei et al. [26] reported free vibration analysis of nonlocal beam undergoing thermal
stresses. Changing material length scale parameter effects upon the dynamic-vibration
analysis of Timoshenko beam is studied by Babaei and Rahmani [27]. Sur et al. [28] pre-
sented a computationally-efficient model to predict the dynamic response of a homogenous,
transversely isotropic, thermoelastic micro-beam, under a time-dependent thermal load.
Babaei et al. [29] carried out the vibrational analysis of a micro-Euler–Bernoulli beam, in
which thermo-mechanical properties vary through thickness direction. They proposed
the model based on the modified couple stress theory. Material properties are changing
based on the power law. Further to the mentioned papers, rotation-based analysis of the
micro-systems is a hot topic due to the applications in industry and biology. Ilkhani and
Hosseini-Hashemi [30] reported vibration and stability analysis of rotating micro-beams.
Results of this paper state that non-classical material length scale parameter, tangential
load value and the corresponding direction of the load, and the value of angular velocity
are the most influencing factors through prediction of the behavior of the system. Shafiei
et al. [31] studied vibration analysis of a rotary micro-beam with non-uniform cross section.
Based on the Euler–Bernoulli beam theory, the non-uniform tapered structure is under
axial load which is caused by rotation. The impressions of angular velocity, geometric
characteristics of the beam, non-classical parameter, and rate of cross-section variations
upon the mode shape functions and frequencies are reported. Dynamic and vibration
analysis of small-scaled systems have attracted more research efforts in this course [32–35].
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Sarparast and Ebrahimi-Mamghani [36] studied the rotating beams effects considering
the foundation forcing impositions. Rotating rods analysis under the effects of axial loading
is reported by Ebrahimi-Mamghani et al. [37]. Ebrahimi and Mokhtari [38] investigated
vibration analysis of rotating porous micro-beam. Material properties of the beam vary
based on the power of law through thickness direction. They showed the importance
of the rotational speed accompanying the material distribution profile on the analysis.
Chen et al. [39] studied vibration analysis of a tapered Timoshenko beam based on the
iteration method. Effects of the rotational speed and rate of the cross section change on the
dynamic analysis are reported. Babaei [12] investigated the forced vibration analysis of
small-scaled rods subject to impulse, step and ramp inputs. Babaei and Yang [40] conducted
a research analyzing the vibration analysis of a rotating rod using the coupled displacement
filed theory. They showed the significance of the angular velocity and rotations of the
system. According to the presented literature review, there is not any published research
work about vibration analysis of rotating micro-beams based on the coupled displacement
filed and accounting the shearing effects in the course of Timoshenko beam model. Thus,
for the first time in this paper, both thick beams (Timoshenko) and thin beams (Euler–
Bernoulli) models are studied and a comprehensive analysis is accomplished related to
the effects of shearing effects and beam slenderness ratios. In other words, for the first
time the angular velocity of the beam is supposed to be a proportional function of all
displacement and shearing strain parameters. To do this, the angular displacement is
function of: axial displacement, lateral displacement, and the shearing strain resulted from
the thick beam theories.
The proposed models with simply-supported (pinned–pinned) boundary conditions
undergo various rotational (angular) speeds. Hamilton’s variational approach is used to
derive the dynamic-vibration equations and for solution procedure, Galerkin’s approach
and Navier method are used. The proposed model is highly applicable to overcome the
limitations of efficient MEMS energy harvesters. In other words, with small-scaled energy
harvesters, the excitation frequency and the resonant frequency of the system end up in
discrepancy. Decreasing the resonant frequency is the solution to this issue which will end
in more efficient energy harvesters. The proposed model studies the effect of axial and
rotating (shearing strain) parameters’ effects over the resonant frequency variations. Such
model extends the former resonant frequency adjusters using only the lateral parameter
and introduces more options in this regard by means of thicker beams.
2. Fundamentals of the Modified Couple Stress Theory (MCST)
Modified couple stress theory states that Cauchy stress tensor multiplied by Cauchy
strain tensor; and couple stress tensor conjugated with the curvature tensor, form strain
energy density function. Accordingly, strain energy for an isotropic linear elastic material
























χ are Cauchy stress, deviatoric part of couple stress, Cauchy strain and
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∂z ), u is displacement vector, l is non-
classical material length scale parameter, G is shear modulus of rigidity, λ shows Lame’s






In this section, a simply-supported (pinned-pinned) beam is considered as shown in
Figure 1.
Figure 1. Simply-supported micro-beam rotating around z axis.
The beam is fixed by pines to the bottom plane, and this plane is rotating around the
fixed z axis. Beam has length L, thickness h and width b. Based on the Euler–Bernoulli
beam theory (EBBT), longitudinal (axial) displacement of any point on the neutral axis is:




For Timoshenko beam (TBT), axial displacement is set forth to consider the shear de-
formations:
uxTBT(x, z, t) = u0(x, t) + zθ(x, t) (3b)
For both beam theories mentioned above, displacements through thickness and width
of the beam are:
uy(x, z, t) = 0 (3c)
uz(x, z, t) = w(z, t) (3d)
In which, u0 shows the axial displacement, w is the lateral displacement function, and
t is time.
It is good to note that for EBBT, rotation is equal to the partial derivation of lateral
displacement (θEBBT = ∂w∂x ), while for TBT these two values are not equal to each other and
their difference is shear strain (θTBT 6= ∂w∂x ). Using Equations (2c,d) and (3), following strain
and stress elements for EBBT and TBT are obtained:
εxx








































































Substituting Equation (4a–d) into the Equation (1), strain energy due to the infinitesi-


















































Since we use variational approach, variations of the energy terms should be obtained.
By integration by parts from Equation (5a,b); and producing following cross section area





























































Kinetic energy of the Euler–Bernoulli and Timoshenko micro-beams can be expressed































Previously, researchers considered the proportional function containing only the
lateral displacement (xϕ(x,z,t) = βw(x,t)). However, in this paper for the first time, a com-
prehensive model is proposed in which the angular displacement (ϕ(x,z,t)) is expressed in
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terms of a proportional function of axial and lateral displacement and rotational displace-
ment which is related to the shearing strain. Such a comprehensive enables us to study the










(x, z, t)dV (12)
Angular displacement (ϕ(x, z, t)) is expressed in terms of axial and lateral displace-
ment and rotational displacement:
xϕ(x, z, t) = αu0(x, t) + βw(x, t) + γθ(x, t) (13)
As for the Hamilton’s approach, we need to obtain the integration of the difference of
kinetic and strain energy terms within a short time interval:∫ t2
t1
(δUK + δUK−R − δUs)dt = 0 (14)
After some mathematical operations and integration by parts, following dynamic-
vibration equations are obtained:


































































































4.1. Solution Approach for Euler–Bernoulli Beam
For the case of free vibrations without viscous damping, we can consider lateral
displacement in the following form:
w(x, t) = W(x)eiωit (18)
In the harmonic expression for w, ω represents natural frequency and i =
√
−1.














Equation (19) can be solved by means Galerkin’s method. Based on the Galerkin’s
approach, displacement function is replaced by series of trial (admissible) functions ( fi(x))
multiplied by unknown coefficients (ai).
W(x) = ∑ni=1 ai fi(x) (20)
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The mentioned admissible functions should satisfy the general boundary conditions








































dx4 f jdxaiaj = 0
(22)
Considering the orthogonality of the harmonic (periodic) functions over a full period,
and by some mathematical operations Equation (22) can be rewritten in the following form
in which can be solved by MATLAB:
[k]{ fi} = ωi2[M]{ fi} (23)
4.2. Solution Approach for Timoshenko Beam
For the presented Timoshenko micro-beam model, Navier solution approach is used.
Based on the mentioned approximate method, lateral, axial, and rotational displacements
of the beam can be substituted with following series expansions:




w(x, t) = ∑ni=1 Wisin(pix)eiωit (24b)
θ(x, t) = ∑ni=1 Θicos(pix)eiωit (24c)
Ui, Wi, Θi are the unknown Fourier coefficients to be determined for each specific











































By some mathematical works, system of equations presented above can be rewritten in
the form matrix similar to Equation (26). Determinant of the coefficient matrix ([k]−ωi2[M])













5. Numerical Results and Discussion
Proposed Euler–Bernoulli and Timoshenko micro-beam models have length of L =
10, 000 µm, and width equal to b = 1000 µm. Since we use beam theories suitable for both
short and long beams, thickness of the models is supposed variable in a wide range. The
rate of the change is stated in terms of slenderness ratio which is ratio of the beam length to
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beam thickness ( Lh ). For evaluation, current results are compared with results of benchmark




In Table 1, current results based on the modified couple stress theory are compared
with results of Rahmani and Pedram (2014) and Eltaher et al. (2013), based on the nonlocal
theory (NLET). In Table 2, results are evaluated with those reported by Babaei et al. (2017)
based on both the modified couple stress theory and classical theory (Cl). It is shown
in the following tables that the maximum difference between the current results and
those reported in the benchmark is almost 0.47% which is acceptable for engineering
purposes. The reason for such a negligible difference refers to the fact that in benchmark,
finite element method is adopted, while we have used Navier’s discretization method. In
addition, another reason comes from the theorem used for the study. In the mentioned
reference, nonlocal elasticity theory is adopted while, the modified couple stress theory is
chosen for this research.
Table 1. Comparison of dimensionless frequency for different values of slenderness ratio.
Present (EBBT) Difference(EBBT) % Present (TBT)
Difference
(TBT) % [10] (NLET) [15] (NLET)
L/h = 5 9.7112 - 9.34297 - - -
L/h = 10 9.8293 - 9.7275 - - -
L/h = 15 9.8517 - 9.80555 - - -
L
h = 20 9.8597 0.3–0.2 9.8335 0.04–0.47 9.8296 9.8797
L
h = 50 9.8693 0.06–0.03 9.8647 0.02–0.08 9.8631 9.8724
L
h = 100 9.8743 0.06–0.04 9.8720 0.04–0.02 9.8680 9.8700
Table 2. Comparison of dimensionless frequency.
Present (EBBT) Difference(EBBT) % Present (TBT)
Difference
(EBBT) % [2] (Cl) [2] (MCST)
L
h = 100 9.8743 0.05–4.9 9.8720 0.02–5 9.8696 10.3849
In Table 1, we have also provided the results for small values of slenderness ratio (very
thick beams). In such cases, it is evident that as the beam is thicker, the resonant or natural
frequency is getting smaller. Such finding is valid for both EBBT and TBT. Basically and
expectedly, values of very thick beams are more accurate with TBT as the shearing effects
are counted. Defining L/h = 5 as the very thick, L/h = 20 as thick and L/h = 100 as thin
beams, it is observable that the first natural frequency for very thick beams is the smallest,
for moderate thick beams, the frequency is medium and, for the thin beams, the frequency
is the smallest. Such observations are authentic using either EBBT or TBT models.
Figure 2 demonstrates changes of the fundamental frequency with slenderness ratio
for both Euler–Bernoulli and Timoshenko micro-beam models. Figure 2a shows results
of the fixed beam. However, Figure 2b shows frequencies of the beam rotting around the
fixed axis when second speed factor (lateral speed factor) is equal to β = 0. It is evident
that by increasing the slenderness ratio, frequency is increasing. This variation is quite
steep for TBT rather than EBBT. For TBT; when Lh < 20, most significant changes take place,
when slenderness ratio is in the middle range (20 < Lh < 60), mild variations do happen
and for long beams ( Lh > 60) changes are negligible. For EBBT, smaller changes take place
and this fact is more eye-catching when the beam is rotating.
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Figure 2. Variations of fundamental frequency with slenderness ratio ((a) fixed micro-beam, (b) rotating micro-beam).
Figure 3 depicts variations of the fundamental frequency based on various values
of second (lateral) speed factor (β). For the desired accuracy of hundreds; regardless of
the beam theory, and slenderness ratio, there is a similar behavior observed. Accordingly,
either for Euler–Bernoulli or Timoshenko beam theories; and for both short and long beams,
fundamental frequency is decreasing as the lateral speed factor increases. Most remarkable
shifts happen when β < 5. Gentle changes are observed when 5 < β < 20. For big values
of the second speed factor, dimensionless frequency is a small number and variations are
insignificant. It is also good to note that for accuracy over hundreds, frequencies are greater
in the order of corresponding theories as: short TBT, short EBBT, long TBT, and long EBBT.
Figure 3. Variations of dimensionless fundamental frequency with lateral velocity (speed) factor.
Figure 4 shows variations of fundamental frequency according to the third (angular)
speed factor (γ). Similar to the variations of frequency with the second speed factor,
dimensionless fundamental frequency also decreases as the third speed factor increases.
However, there is a difference with the type of variations with angular speed factor. Type
of theory selected is a matter of consideration here. This means, for EBBT regardless of the
beam slenderness ratio results are the same for both short and long beams. In contrast; for
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TBT, if Lh = 20 there is positive curvature with the increment of third speed factor, and if
L
h = 100, negative curvature is observed with variable speed factors. As a result, variations
of the micro-beam with angular speed factor totally depend on the beam theory used.
Figure 4. Variations of dimensionless fundamental frequency with angular speed factor.
In Figure 5, profile of the frequency ratio (ωr = ω̂ω̂0 ) with lateral and angular speed
factors is presented. Frequency ratio is the ratio of the frequencies derived from the rotating
system to the corresponding frequencies of the fixed system. Based on the mentioned
figure; for EBBT, there is no variation in the frequency ratio when system is rotating based
on the angular displacement field. This means, when we neglect shear deformations,
frequency of the system is affected only if rotational displacement is expressed in terms of
lateral displacement. Both Figure 5a,b imply that, by increasing the lateral speed factor,
both EBBT and TBT models show similar behavior and decrease. Another finding states
that, for TBT model frequency ratio is decreasing as the angular speed factor increases
and this decrement is gentle in comparison to the variations of frequency ratio with lateral
speed factor. Finally, it is good to mention that based on the results I have obtained, third
velocity factor does not have any impact upon the frequency of the micro-rotating beam.
Figure 5. Variations of frequency ratio with angular speed factors. ((a) Lh = 20, (b)
L
h = 100).
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6. Conclusions
In this research article, lateral vibration analysis of rotating micro-beams is studied
with pinned–pinned boundary conditions and in the course of free vibrations. The micro-
beam model is supposed to be located perpendicular to the rotating axis which is aligned
with the lateral (transverse) direction. To capture the size dependencies of the beam model,
the modified couple stress theory is adopted along with thin and thick beam theories (Euler–
Bernoulli and Timoshenko). Rotational or angular displacement of the beam element is
constrained to the translational displacement vectors based on a proportional relationship.
Hamilton’s principle is utilized to derive the governing equations. For the case of ignoring
shear effects which is a suitable model for thin beams (Euler–Bernoulli model), Galerkin’s
approach is adopted for solution procedure. However, as for the case of thick beams and
accounting shearing effects, system of coupled differential equations is obtained where the
Galerkin’s approach does not work. In this regard, the Navier’s discretization method is
adopted. Besides the shearing effects; the impact of slenderness ratio (ratio of the beam
length to the beam thickness), impact of axial velocity factor, impact of lateral velocity
factor, and impact of angular velocity factor are all discussed in detail. Results reveal that
second speed factor (lateral velocity factor) does affects the system response in a similar
and identical fashion for both thin and thick beams with any slenderness ratios. In other
words, considering the second velocity factor (lateral), the beam thickness does not play a
role in systems response. However, for the effects of third velocity parameter (angular or
shearing strain factor), the Timoshenko beam with L/h = 100 shows the least mutations and
variations, Timoshenko beam with L/h = 20 reveals moderate variations, and finally Euler–
Bernoulli beam models, regardless of the slenderness ration, behave the most sensitively. In
short, it can be inferred that with proper adoption of velocity parameters, one can readily
manipulate the system’s response and natural frequency as required for any specific design.
More importantly, thickness of the beam can also manipulate the response of rotating beams
due to the presence of shearing strains. It is also good to note that the proposed model
has the limitation of very thick beams meaning that for highly thick beams more in-depth
theories should be adopted. Besides, gyration effects of rotation are also ignored in this
study conveying for super-fast rotating systems, such effects should also be captured. Such
findings can be highly applicable in MEMS energy harvesters, small-scaled piezoelectric
vibration controllers, micro-resonator devices, microsensors, and small-sized gyroscopes
and actuators.
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